Abstract. Let M and X be right R-modules. We introduce several modules relative to the class of B(M, X) and we investigate relation among these modules. In this note, we show if M is X-⊕-supplemented such that M = M1 ⊕M2 implies M1 and M2 are relatively B-projective, then M is an X-H-supplemented module.
Introduction
Throughout this paper, R will be an associative ring with identity, and all modules are unitary right R-modules. Recall that a module M has the Summand Intersection Property (SIP ) if the intersection of any two direct summands of M is again a direct summand (see [6] ) and M has the Summand Sum Property (SSP) if the sum of any two direct summands of M is again a direct summand (see [5] ). Let M be a module, a submodule N of M is called fully invariant if for every h ∈ End R (M ), h(N ) ⊆ N . Supplemented and lifting modules are worthy of study in module theory since they are dual of complemented and extending modules, and there has been a great deal of work on lifting modules by many authors. Supplemented modules, lifting modules are also studied in [11] and [14] . Let M and X be modules. Lopez-Permouth, Oshiro and Tariq Rizvi in [10] , defined the family
They studied extending, quasi-continuous, or continuous modules relative to this class. In [8] , D. Keskin and A. Harmanci dualized the class A(X, M ) and defined the family
They considered the following conditions: In Section 2, we will give some properties of X-⊕-supplemented and X-Hsupplemented modules. We investigate general properties of this modules, relation of them with other modules. We give a condition for an X-⊕-supplemented module to be X-H-supplemented (see Proposition 2.18).
In Section 3, we define and investigate a generalization of X-H-supplemented modules.
Main results
A module M is called X-supplement bounded, if it is X-supplemented and every proper X-supplement submodule of M is contained in a nontrivial fully invariant submodule belongs to the class B(M, X). 
Proposition 2.3. Let M be X-supplement bounded such that B(M, X) is closed under taking arbitrary intersection. If every submodule of M has a coclosure, then

M is X-H-supplemented if and only if M is X-F I-lifting.
Proof. The necessity is clear. For the sufficiency assume M is X-F I-lifting. Let
By analogy with the proof of [13, Proposition 2.5], we have the following proposition.
Proposition 2.4. The following are equivalent for a module M : (1) M is X-F I-lifting. (2) Every fully invariant submodule N of M with N ∈ B(M, X) has a supplement which is a direct summand.
Now we consider the X-⊕-supplemented module; 
Proposition 2.5. Let M be a nonzero module and let U be a fully invariant submodule of M with
In the set B(M, X), if we take X = M , then B(M, X) coincides with the set of all submodules of M . Therefore we obtain the following corollaries:
Corollary 2.9. Any finite direct sum of ⊕-supplemented modules is ⊕-supplemented.
Proof. See [7 (1) Z p ∞ is a lifting Z-module and so an X-lifting Z-module for every Z-module X.
(2) Clearly B(M, 0) = M for any module M . Therefore every module M is 0-⊕-supplemented (completely 0-⊕-supplemented), this means that the Z-module Z Z is completely 0-⊕-supplemented. But by Proposition 2.8, for every nonzero module X, it is not completely X-⊕-supplemented.
(3) Let X be simple projective module and M any module. Then for any
Lemma 2.13. Let M be an X-⊕-supplemented module with (SIP ). Then every X-local summand Y of M such that Y ∈ B(M, X) is a direct summand.
Proof.
Proposition 2.14. Let M have the (SSP ) with (D 3 ). Then M has the (SIP ).
Proof. 2
Proposition 2.18. Assume that M is X-⊕-supplemented such that whenever
and homomorphisms ϕ 1 : 
Proposition 2.20. Assume that M is X-⊕-supplemented such that whenever
M = M 1 ⊕ M 2 then M 1 and M 2 are relatively B-cojective. Then M is X-lifting. Proof. Let A ∈ B(M, X). Then A has an X-supplement M 2 which is a direct summand of M , M = M 1 ⊕ M 2 . Then by hypothesis, M 1 is B(M 2 , X)-cojective, since M = A+M 2 , by [12, Proposition 3.2], we have M = A ′ ⊕M ′′ 1 ⊕M ′ 2 = A ′ +M 2 , A ′ ≤ A, M ′′ 1 ≤ M 1 , M ′ 2 ≤ M 2 . Then A = A ′ + (A ∩ M 2 ). Thus, since A ∩ M 2 ≪ M 2 , Now from Lemma 2.19, M is an X-lifting module.
X-lifting=⇒ X-H-supplemented=⇒ X-H-cofinitely-supplemented
The module M is called duo module, if every submodule of M is fully invariant.
Now we consider the X-H-cofinitely supplemented module; 
The second part is the same. 
(2) Assume that M is X-H-cofinitely supplemented and M has the summand sum property. Let N be a direct summand of M . We show that N is X-H-cofinitely supplemented. Let M = N ⊕ K for some submodule K of M . Assume that A is a direct summand of M . Since M has the summand sum property, 
., n). If every M i is X-H-cofinitely supplemented modules, then M is X-H-cofinitely supplemented.
Finally, we get the following results as corollaries of Theorem 3.3, Corollary 3.5 and Corollary 3.7. 
